
PHYSICAL REVIEW APPLIED 25, 044058 (2026)

Improved Ising formulation of max-3-cut using higher-order spin interactions
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Many combinatorial optimization problems (COPs) are naturally expressed using variables that take on
more than two discrete values. To solve such problems using Ising machines (IMs)—specialized analog
or digital devices designed to solve COPs efficiently—these multivalued integers must be encoded using
binary spin variables. A common approach is one-hot encoding, where each variable is represented by a
group of spins constrained so that exactly one spin is in the “up” state. However, this encoding introduces
energy barriers: changing an integer’s value requires flipping two spins and passing through an invalid
intermediate state. This creates rugged energy landscapes that may hinder optimization. We propose a
higher-order Ising formulation for max-3-cut, a canonical COP involving integers with three possible
states that provides a minimal setting for assessing multivalued formulations on IMs. Our formulation
preserves valid configurations under single-spin updates. The resulting energy landscapes are smoother,
and we show that this remains true even when the binary variables are relaxed to continuous values,
making it well suited for analog IMs as well. Benchmarking on such an IM, we find that the higher-
order formulation leads to higher success rates and faster time-to-solution than when one-hot encoding is
employed.

DOI: 10.1103/vqsv-jzk4

I. INTRODUCTION

The challenge of solving a combinatorial optimization
problem (COP) can be formulated as the task of find-
ing the global minimum of an energy landscape. Many
COPs are naturally expressed using multivalued integer
variables, that is to say, variables that can take one of
K discrete states. Examples can be found in statistical
physics [1,2], biology [3,4], gas and power networks [5],
data clustering [6], scheduling [7,8], and elsewhere [9,10].
Although hardware solvers that directly use multivalued
variables have been proposed, such as Potts machines [11,
12], most research focuses on binary-variable hardware,
such as Ising machines (IMs) [13–17], adiabatic quan-
tum computing [18], and variational quantum approaches
[19,20]. This focus stems from the fact that any COP
can be reformulated as an Ising problem or, alternatively,
as a quadratic unconstrained binary optimization (QUBO)
problem, using only a polynomial overhead [21].
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To represent multivalued integer variables within IMs,
a common approach is one-hot encoding, where each
K-state variable is represented by K spins. For each state
i ∈ {1, . . . , K}, the corresponding spin configuration has
the ith spin set to 1 and all remaining spins are set to −1.
In the case of a single isolated K-state variable, the Ising
energy landscape is designed such that each of the K one-
hot configurations—corresponding to one valid state of the
multivalued integer—has the same minimal energy, while
all other (invalid) configurations have a higher energy.
Importantly, transitioning between valid states requires
flipping two spins, and if these flips are performed sequen-
tially, the system must pass through an invalid intermediate
state. As a result, valid states are separated by energy bar-
riers, creating a rugged landscape that complicates finding
the global energy minimum and solving the COP.

In this work, we consider the max-3-cut problem, a
variant of graph coloring, and one of the simplest canoni-
cal COPs that involves multivalued integer variables. We
propose an alternative max-3-cut formulation that utilizes
spin variables with higher-order interactions, that is, a
higher-order Ising formulation (also known as polynomial
unconstrained spin optimization). We will show that this
formulation doubles the number of valid configurations
while also allowing transitions between logical states via
single-spin flips, thereby eliminating energy barriers.
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Our work is conceptually parallel to insights from recent
studies on Boolean satisfiability (SAT) problems, where
converting native higher-order formulations into quadratic
alternatives was found to introduce similar ruggedness
[16,22–24]. Here, we reverse that path—replacing a
quadratic formulation with a higher-order one—to recover
smoother energy landscapes. Note that our higher-order
formulation is otherwise unrelated to SAT problems. For
example, whereas quadratization methods for SAT prob-
lems introduce auxiliary variables, our max-3-cut for-
mulation preserves the variable count of its quadratic
counterpart.

We further demonstrate that the structural benefits of
the higher-order max-3-cut formulation persist under con-
tinuous relaxations of the spin variables. This setting is
relevant for analog IMs, which have attracted increasing
attention in recent years [13,15,17,25–31], also motivated
by recent work on extensions to continuous vector spins
[32,33].

Finally, we benchmark both formulations using an
analog IM inspired by simulated bifurcation dynamics
[14,34]. The higher-order Ising formulation yields consis-
tently higher success rates and faster operation than the
standard Ising formulation. In addition, we investigate an
empirical rescaling of the Ising formulation—a heuris-
tic proposed in previous work. Although this rescaling
improves the performance of the quadratic formulation, it
is still outperformed by our higher-order approach. More-
over, we show that the benefit of this rescaling cannot be
fully explained by analyzing the individual components of
the quadratic model in isolation, highlighting the impor-
tance of empirical parameter tuning in COP encodings. We
conclude by outlining future directions to better understand
and exploit this behavior.

II. MAX-3-CUT FORMULATIONS

The goal of the max-3-cut problem is to partition the ver-
tices of an undirected graph into three disjoint sets while
maximizing the number of edges connecting different sets.
This can be viewed as a type of graph coloring, where each
vertex is assigned one of three colors—say, red, green, or
blue—with the goal of minimizing the number of edges
between vertices of the same color.

A. Ising formulation

In Ref. [9], a quadratic formulation of the max-3-cut
problem in terms of bit variables (i.e., a QUBO formula-
tion) is proposed as follows. Denote the sets of vertices and
edges in a given graph by V and E, respectively. For every
vertex v ∈ V, a triplet of binary variables is introduced, xv,c
where c ∈ {1, 2, 3}, using one-hot encoding: xv,c equals 1 if
vertex v has color c, and 0 otherwise. The QUBO energy

function is defined as follows:

HQUBO = A
∑

v∈V

(
1 −

3∑

c=1

xv,c

)2

+ B
∑

(uv)∈E

3∑

c=1

xu,cxv,c,

(1)

where A and B are positive scalars. The first term enforces
that all variable triplets are one-hot encoded, since this pos-
itive term only vanishes if every triplet contains a single 1
and two 0s, ensuring the vertex colors are well defined.
The second term adds an energy penalty for every edge
that connects vertices with the same color, aligning with
the max-3-cut objective. The ratio B/A determines the
relative emphasis on valid color assignments versus cut
maximization.

We convert the bit variables xv,c ∈ {0, 1} to spin vari-
ables σv,c ∈ {−1, 1} as follows:

xv,c = σv,c + 1
2

. (2)

This yields the following Ising formulation:

HIsing = A
4

∑

v

∑

c �=d

σv,cσv,d + B
4

∑

(uv)∈E

3∑

c=1

σu,cσv,c

+
∑

v

3∑

c=1

(
A
2

+ B
4

deg(v)

)
σv,c, (3)

where deg(v) denotes the degree of vertex v. In deriving
Eq. (3) from Eq. (1), we omitted constant terms that do not
affect the energy landscape (see Ref. [35] for details).

The allowed spin configurations, each representing a
possible vertex color, are defined as follows:

⎧
⎪⎨

⎪⎩

↑↓↓ ≡ red,
↓↑↓ ≡ green,
↓↓↑ ≡ blue.

(4)

Note that the remaining (invalid) spin configurations
occupy 62.5% of the configuration space. Moreover, tran-
sitioning from one valid state to another requires two spin
flips, thereby passing through an invalid intermediate state
(↓↓↓, ↓↑↑, ↑↓↑, or ↑↑↓) that forms an energy barrier.

B. Higher-order Ising formulation

We now propose an alternative max-3-cut formulation
using higher-order spin interactions:

HHO = A
∑

v

∑

c �=d

σv,c σv,d + B
∑

(uv)∈E

∑

c �=d

σu,c σv,c σu,d σv,d.

(5)
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Moreover, we increase the set of allowed configurations as
follows:

⎧
⎪⎨

⎪⎩

↑↓↓ ≡↓↑↑≡ red,
↓↑↓ ≡↑↓↑ ≡ green,
↓↓↑ ≡↑↑↓ ≡ blue.

(6)

That is, spin triplets now follow one-hot encoding, modulo
global spin inversion within each triplet.

It is easy to check that the first term of Eq. (5) stabi-
lizes these states. Indeed, when evaluated on a single spin
triplet, this term has a value of −2A for all of the allowed
states, while the invalid states ↑↑↑ and ↓↓↓ lead to a value
of 6A. The second term of Eq. (5) reflects the max-3-cut
objective. Indeed, when considering two connected ver-
tices, it evaluates to 6B if the vertices have the same color,
while it equals −2B if those vertices have a different color.

Note that Eq. (6) excludes only the ↑↑↑ and ↓↓↓
configurations, so invalid states occupy just 25% of the
configuration space. Moreover, transitions between any
two colors can be achieved with a single-spin flip, thereby
avoiding the energy barriers introduced by one-hot encod-
ing in the Ising mapping.

C. Rescaled Ising formulation

Alongside the Ising formulation of Eq. (3), we also con-
sider a simple variant obtained by scaling the terms that are
linear in the spin variables by a factor of 0.6:

HIsing, res = A
4

∑

v

∑

c �=d

σv,cσv,d + B
4

∑

(uv)∈E

3∑

c=1

σu,cσv,c

+ 0.6
∑

v

3∑

c=1

(
A
2

+ B
4

deg(v)

)
σv,c. (7)

This rescaling was first proposed in Ref. [36], which found
it to be beneficial for a structure-based drug design prob-
lem whose mapping contains one-hot encoding constraints,
similar to Eq. (3), along with problem-specific constraints
(see Eqs. (5)–(6) and Fig. 3 in Ref. [36]). In our ear-
lier work [35], we showed that the same rescaling is also
effective for max-3-cut (see Fig. 5 in Ref. [35]).

At first sight, one would expect this rescaling to dis-
tort the intended constraint structure of Eq. (1), causing
the one-hot encoding constraint (proportional to A) and the
edge-coloring constraint (proportional to B) to be enforced
incorrectly. However, our previous results show that this
does not occur. Instead, the rescaling improves robust-
ness: it widens the range of B/A values for which the
ground state of the formulation corresponds to the correct
max-3-cut solution (see Fig. 6 in Ref. [35]).

(a) (b)

(c) (d)

FIG. 1. Normalized energy landscapes for a single vertex,
represented by a spin triplet, under the (a) Ising and (b) higher-
order Ising formulations. Panels (c) and (d) highlight states with
energy below –0.9 for these respective formulations. For the
Ising formulation, the lowest-energy states (↑↓↓, ↓↑↓, ↓↓↑)
are separated by energy barriers. In contrast, the minimal energy
states for the higher-order Ising formulation (↑↓↓, ↓↑↓, ↓↓↑,
↓↑↑, ↑↓↑, ↑↑↓) are connected by a flat, barrier-free energy path.

III. ENERGY LANDSCAPES FOR ANALOG SPINS

As discussed above, the higher-order Ising formulation
offers clear advantages over the quadratic Ising formu-
lation when working with binary spin variables σv,c ∈
{−1, 1}. Unlike the quadratic formulation, which excludes
more than half of the configuration space and introduces
energy barriers between feasible states, the higher-order
formulation permits twice the number of configurations
and smoother transitions via single-spin flips, resulting
in a less rugged energy landscape. In this section, we
extend this comparison to the analog case by replacing
binary spins σv,c with continuous variables sv,c ∈ R. This
relaxation is relevant in many combinatorial optimization
solvers [13,15,17,25–31].

To illustrate differences in energy landscapes, we visual-
ize small-scale instances of the higher-order Ising formu-
lation of Eq. (5) and the Ising formulation of Eq. (3). As
detailed in Appendix C, the rescaled Ising formulation of
Eq. (7) produces landscapes similar to the original Ising
formulation for these instances. We therefore focus here
on comparing the higher-order formulation to the standard
quadratic formulation. Visualizations for the rescaled case
are provided in Appendix C.

Figures 1(a) and 1(b) visualize the quadratic and higher-
order landscapes for a single analog spin triplet, repre-
senting a single, unconnected graph vertex. That is, we
consider only the terms with prefactor A from Eqs. (3) and
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(a) (b)

FIG. 2. Energy landscape for a single vertex, represented by a spin triplet, assuming equal spin amplitudes. For the Ising formulation
(a), the lowest energy configuration is only correctly one-hot encoded at sufficiently large spin amplitudes. For smaller amplitudes,
the ground state (↓↓↓) violates this constraint. In contrast, the higher-order Ising formulation (b) yields a valid ground state for all
amplitude values.

(5), and normalize the energy values for direct comparison
between the formulations. Figures 1(c) and 1(d) highlight
the states with energy below an arbitrary threshold of −0.9,
corresponding to the allowed spin configurations defined
in Eqs. (4) and (6), respectively. In the Ising landscape
[Fig. 1(c)], the allowed configurations are separated by
energy barriers, resulting in a rugged energy landscape.
In contrast, the higher-order Ising landscape [Fig. 1(d)]
features a barrier-free path connecting the allowed states.
Similar to the case of discrete spins, the higher-order for-
mulation allows analog spins to access a larger portion of
the configuration space, where transitions between allowed
states can occur without overcoming energy barriers.

It is well known that amplitude inhomogeneity can
reduce the performance of analog solvers, such as ana-
log IMs, since it may lead to an improper mapping of the
COPs they aim to solve [37]. To counteract this, many
of these solvers include mechanisms specifically aimed
at suppressing such inhomogeneities [17,25]. With this in
mind, we consider paths for which the three spins have
equal amplitudes (i.e., (±s, ±s, ±s), for all s ∈ [0, 1]). In
Fig. 1, these paths extend from the origin to the corners of
the cube. Figure 2(a) shows the Ising energy of Eq. (3)
along these paths. For large spin amplitudes (s > 0.5),
we observe the desired behavior: the three valid one-hot
encoded states of Eq. (4) are energetically degenerate, and
they are lower in energy than the invalid configurations.
At lower amplitudes (s < 0.5), however, the ↓↓↓ configu-
ration, which violates the one-hot encoding constraint, is
the ground state. This arises from the scaling mismatch
between the linear and quadratic terms in Eq. (3), which
makes the linear terms dominate over the quadratic terms
for small spin amplitudes. Since these linear terms are pos-
itive, the energy is minimized by pointing the spins down.
This presents a challenge because many analog solvers ini-
tialize spin amplitudes near zero [14,15,17,38]. As a result,
the system may initially favor the incorrect ↓↓↓ configura-
tion, which can act as a distractor during solver operation.
As shown in more detail in our recent work [35], such

imbalances can indeed degrade performance if not prop-
erly mitigated in the solver’s dynamics. Figure 2(b) shows
the higher-order Ising energy of Eq. (5) along the paths of
equal spin amplitudes. In contrast to the Ising formulation,
we observe that the valid states of Eq. (6) are energeti-
cally favorable for all values of the spin amplitude s. In
other words, we observe no imbalances for the higher-
order Ising formulation, which results from the fact that the
suppression of invalid states (↑↑↑ and ↓↓↓) is performed
with quadratic terms only.

We now extend our discussion to the case of two con-
nected vertices, each represented by a spin triplet. In
Fig. 3(a), we visualize the lowest-energy spin configu-
rations of the Ising formulation, under the assumption
of homogeneous spin amplitudes, and for B/A = 1. The
green curve corresponds to a correct one-hot encoding
for both triplets, with the vertices assigned different col-
ors, thus solving the max-3-cut problem. However, as in
Fig. 2(a), this configuration only becomes energetically
favorable at sufficiently large spin amplitudes (s > 0.6).
For smaller amplitudes (s < 0.6), it is favorable to set both
triplets to the invalid ↓↓↓ state. As shown in Appendix D,
this behavior persists for other values of B/A, with the tran-
sition between ground states occurring at different values
of s. As discussed before, this preference for ↓↓↓ triplets
at small amplitudes results from the linear terms outweigh-
ing the quadratic terms in the Ising formulation of Eq. (3)
at small spin amplitudes.

One might expect a similar issue in the higher-order
Ising formulation of Eq. (5), where the quadratic terms
could dominate the fourth-order ones at small amplitudes.
However, Fig. 3(b) shows that the max-3-cut solution
(green curve) remains the ground state across all values
of s. In Appendix D, we further show that this holds
for any value of B/A > 0. While this observation is lim-
ited to the case of two connected vertices, the underlying
structure of Eq. (5) offers insight into its broader poten-
tial. The quadratic and fourth-order terms play different
roles: the former enforces one-hot encoding (scaled by A),
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(a) (b)

FIG. 3. Energy landscape for two connected vertices, assuming equal spin amplitudes. (a) For the Ising formulation, the lowest
energy configuration corresponds to a correct max-3-cut solution (green) only at sufficiently large spin amplitudes. For smaller ampli-
tudes, the ground state is ↓↓↓ for both vertices, violating the one-hot encoding constraint. (b) For the higher-order Ising formulation,
the ground state solves the problem regardless of the value of the spin amplitude. In both cases, B/A = 1 is used. In Appendix D, we
show that different values of B/A yield similar energy landscapes.

while the latter promotes the max-3-cut objective (scaled
by B). Hence, any imbalance in the relative strength of
the quadratic and fourth-order terms essentially modifies
the effective value of B/A. Since B/A is a hyperpa-
rameter, optimizing its value can partly compensate for
these imbalances. In contrast, for the Ising formulation of
Eq. (3), both the one-hot encoding constraint and the max-
3-cut objective are enforced using a combination of linear
and quadratic terms. Because the linear terms are strictly
positive, imbalances distort the energy landscape more
drastically, making the ↓↓↓ configuration energetically
favorable even though it violates the intended encoding.

IV. PERFORMANCE COMPARISON OF THE
FORMULATIONS

In this section, we compare the performance of the
max-3-cut formulations introduced in Sec. II across sev-
eral graph instances. The first set consists of Erdös-Rényi
graphs generated according to the G(n, p) model with
edge probability p = 0.5. For each number of vertices
n ∈ {5, 10, 20, 30, 40, 50}, we generate 10 instances. We
additionally include 10 graphs with 60 vertices from the
Biq Mac g05 benchmark set [39], which follows a sim-
ilar Erdös-Rényi G(n, m) model. Optimal solutions for
these instances are computed using the publicly avail-
able max_k_cut solver [40]. Following the same Erdös-
Rényi G(n, m) model, we further evaluate the first five
instances from the Gset benchmark set [41], each contain-
ing 800 vertices. For these graphs, we use the best known
solutions reported in Ref. [42]. All problem definitions,
solutions, and a code implementation of the benchmarking
study described below are available in Ref. [43].

The formulations are mapped onto an analog IM that is
designed to find the minimal energy configuration of the

following higher-order Ising Hamiltonian:

H = −
N∑

i

J (1)
i σi −

N∑

i<j

J (2)
ij σiσj −

N∑

i<j <k<l

J (4)

ijkl σiσj σkσl.

(8)

Here, N is the total number of spins. Since each ver-
tex v ∈ V is encoded using three spins, we have N =
3|V|. The coefficients J (p)

i1...ip denote real-valued interaction
strengths of order p and depend on both the chosen formu-
lation and the graph (explicit expressions are provided in
Appendix B).

The temporal evolution of spin si in the IM is governed
by

dsi

dt
= −si + tanh (αsi + βIi) , (9)

where α is the linear gain. β is the interaction strength,
which follows a commonly used linear annealing scheme
[44,45] (see Appendix A for more details). Ii is the local
field of si, which is further modeled as

Ii =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

J (1)
i +

∑

j

J (2)
ij sgn(sj ), for Ising,

∑

j

J (2)
ij sgn(sj )

+
∑

j <k<l

J (4)

ijkl sgn(sj sksl),
for higher-order Ising.

(10)

Here, sgn(·) denotes the sign function. We adopt this local
field model, which is inspired by the simulated bifurca-
tion algorithm [14,34], because it effectively incorporates
interactions of different orders [35,46]. As discussed in
the previous section, mixed-order interactions can intro-
duce imbalances that degrade solver performance. The use
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of the sign function in Eq. (10) mitigates this issue by
ensuring that higher-order and lower-order contributions
are treated consistently, preventing any one interaction
order from disproportionately dominating the dynamics.
While, for the small-scale problem discussed in the pre-
vious section, we demonstrated that such imbalances are
more pronounced for the Ising formulation than for higher-
order formulation (cf. Figs. 2 and 3), they are also expected
to arise in the higher-order case as problem size increases.
Hence, we employ the spin sign method for all formula-
tions in the following benchmark.

The IM is simulated by numerically integrating Eqs. (9)
and (10) via the Euler-Maruyama method, which includes
stochastic noise (see Appendix A for details, and Ref. [43]
for the associated code). We compare the formulations of
Sec. II in terms of time-to-solution (TTS):

TTS =

⎧
⎪⎪⎨

⎪⎪⎩

T, if P > 0.99,

T
log(0.01)

log(1 − P)
, if 0 < P ≤ 0.99,

∞, if P = 0,

(11)

which denotes the time needed to reach the target state
with 99% probability. Here T is the (dimensionless) time
window over which Eq. (9) is integrated, and P is the
probability of reaching the target solution within that time
window. For each problem instance and for each set of
hyperparameters (cf. Appendix A), T ∈ [0, 104] is selected
to minimize the resulting TTS.

In Fig. 4, we compare the max-3-cut formulations of
Sec. II in terms of TTS. Figure 4(a) compares the Ising
formulation of Eq. (3) with the higher-order formulation
of Eq. (5). The COPs with up to 180 spins reside below the

diagonal, in the light blue region, indicating that they are
solved faster using the higher-order formulation than using
the standard quadratic one. Moreover, the five instances
with 2400 spins lie in the gray region on the right, indi-
cating the Ising formulation failed to solve them for all
tested hyperparameter values (cf. Appendix A) within the
maximum allowed time tmax = 104, resulting in a success
rate of zero and TTS = ∞. By contrast, the higher-order
formulation did succeed on these larger instances, yield-
ing finite TTS values. This highlights the clear advantage
of the higher-order formulation over the original Ising
formulation.

A similar picture is obtained in Fig. 4(b), which com-
pares the original Ising formulation with its rescaled vari-
ant from Eq. (7). Here, six of the smallest instances favor
the unscaled Ising formulation, while the rescaled version
performs better on all others. As in Fig. 4(a), the five larger
COPs lie in the gray area on the right, underscoring the
inferior performance of the original Ising formulation.

Finally, Fig. 4(c) directly compares the higher-order and
rescaled Ising formulations. The higher-order formulation
solves all instances faster, demonstrating a consistent per-
formance advantage. On average, it is 5.12 ± 3.64 times
faster than the rescaled Ising formulation. This trend is cor-
roborated in Fig. 12 of Appendix F, which provides a direct
comparison of the three formulations as a function of the
problem size.

The strong performance of the higher-order formulation
compared to the original Ising formulation, as shown in
Fig. 4(a), aligns with expectations: the higher-order for-
mulation leverages a larger part of the configuration space
and removes energy barriers between allowed vertex con-
figurations. The benefit of rescaling the Ising formulation,

(a) (b) (c)

FIG. 4. Comparison of time-to-solution for three max-3-cut formulations [Eqs. (3), (5), and (7)]. Panels (a) and (b) show that both
the higher-order Ising formulation and the rescaled Ising formulation outperform the standard Ising formulation. Five COPs with 2400
spins (�) appear in the shaded region on the right, indicating that the standard Ising formulation failed to solve them within the time
limit of tmax = 104. Panel (c) further indicates that the higher-order formulation generally leads to faster solutions than the rescaled
quadratic one.
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FIG. 5. Comparison of success rates for three max-3-cut formulations [Eqs. (3), (5), and (7)]. Each panel shows instances of a fixed
problem size (see panel titles). Instance identifiers are given on the x axis (cf. Ref. [43] for problem definitions). Across all instances,
the higher-order formulation achieves success rates that are at least as high as those of the other two formulations (see also Fig. 11).

as illustrated in Fig. 4(b), is consistent with the observa-
tions in Refs. [35,36]. Nonetheless, Fig. 4(c) demonstrates
that the rescaled Ising formulation is also outperformed by
the higher-order approach.

We now validate these conclusions using a second per-
formance metric: the success rate. While Fig. 4 reported
the obtained values of min� TTS, where � denotes the
set of hyperparameters (cf. Appendix A), Fig. 5 presents
max� SR. For instances with fewer than 90 spins, all
formulations achieve a 100% success rate. For larger
instances, where differences arise, our higher-order for-
mulation performs best, followed by the rescaled Ising
formulation, and finally the original Ising formulation. For
convenience, Fig. 11 in Appendix E provides a relative
comparison of the methods.

V. DISCUSSION

In this work, we introduced a higher-order Ising formu-
lation for the max-3-cut problem. Unlike the commonly
used Ising formulation, which relies on one-hot encod-
ing and yields rugged energy landscapes, the higher-order
formulation enables smoother landscapes by allowing tran-
sitions between valid configurations through single-spin
flips. We have shown that this structural advantage extends
to the analog setting, where binary variables are relaxed to
continuous spins, making the formulation well suited for
analog solvers.

Benchmarking on an analog IM confirmed that the
higher-order formulation outperforms the standard Ising
formulation as well as a rescaled Ising variant that had been
proposed in earlier work. The higher-order formulation
generally yields higher success rates and shorter time-
to-solution. This confirms that the improved structure of

the higher-order Ising landscape translates into meaningful
performance gains.

These findings illustrate a broader point: while math-
ematically sound mappings—such as those derived in
Ref. [9]—are widely used, they are not necessarily opti-
mal in practice. One way they can be improved is through
expanding the design space with higher-order spin inter-
actions, as we have done here. This allowed us to remove
some of the energy barriers that were inherent to the Ising
formulation of Eq. (3).

Another way is through heuristic rescalings. Indeed,
the rescaled version of the Ising formulation we included
here [Eq. (7)] outperforms the original formulation. Inter-
estingly, the rescaling has little impact on the energy
landscape of the small building blocks that compose the
standard Ising formulation. It turns out that its benefits
arise only for larger graphs, as can be seen in Fig. 4(b).
This points to the importance of empirical tuning. How-
ever, relying on manual tuning also raises concerns about
scalability and consistency. Building on this, a natural
next step is to move beyond manual tuning and toward
more systematic data-driven strategies. Recent and ongo-
ing efforts have begun to explore how machine learn-
ing might uncover effective mappings from representative
COP instances [47,48]. In this light, tailoring formulations
to specific problem classes and solver architectures appears
to be a promising next step.

Our findings suggest several concrete directions for
future work. One direction is to evaluate how the per-
formance of the higher-order and rescaled Ising formu-
lations evolves with increasing problem size and varying
graph density. Another is to gain a deeper understand-
ing of the behavior of the rescaled Ising formulation on
larger instances, using more advanced tools to visualize
its energy landscapes, such as disconnectivity graphs and
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basin graphs [22,49]. Such insights could inform further
improvements to the higher-order formulation, potentially
through a similar rescaling strategy. Finally, it would be
valuable to assess whether higher-order formulations sim-
ilar to those studied here can be extended beyond the
uniform three-state Potts model considered in this work,
for instance, to state-dependent Potts interactions or a
larger number of states. In doing so, it would be valuable
to construct alternative formulations using different encod-
ing strategies, such as binary encodings and domain-wall
encodings [10].

Overall, our study underscores the interplay between
theoretical formulation, energy landscape structure, and
empirical solver performance—especially in analog set-
tings—and opens up a broader design space for future
combinatorial optimization methods.
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APPENDIX A: SIMULATION OF THE ANALOG
ISING MACHINE

This appendix describes the simulation methods used to
obtain Figs. 4 and 5. The corresponding code is available
in Ref. [43]. As detailed in Sec. IV, the temporal evolution
of the analog IM is governed by Eqs. (9) and (10). These
equations are integrated via the Euler-Maruyama method:

st+1 = st + �t (−st + tanh (αst + βtIt)) + γ ξ t, (A1)

where st denotes the vector of spin amplitudes at time t,
�t = 0.01 is the time step, α is the linear gain, γ = 0.001
is the noise strength and ξ t is a vector of real values that are
randomly drawn from a Gaussian distribution with mean
zero and standard deviation

√
�t = 0.1. It is the vector

of local fields, as defined in Eq. (10). βt is the interaction
strength, which follows a commonly used linear annealing
scheme [44,45]:

βt+1 = βt + vβ�t, (A2)

where vβ is the annealing speed and β0 = 0. The iterative
updates of Eqs. (A1) and (A2) proceed until the IM obtains
the ground-state energy or, alternatively, until it completes
104/�t steps (whichever comes first).

For each formulation (defined in Sec. II) and for each
problem instance, we conduct a grid search over the hyper-
parameters listed below. For each hyperparameter config-
uration, the IM evolution is repeated 100 times to estimate
the success rate and the TTS [as defined in Eq. (11)]. The
values shown in Fig. 4 correspond to the configurations
with the lowest TTS, while Fig. 5 shows the configurations
with the highest success rates.

We scan the linear gain α and the annealing speed vβ

over the following values:

• α ∈ {−10, −7.25, −4.5, −1.75, 1}.
• vβ ∈ {10−4, 10−3, 10−2, 10−1}.

The ratio B/A is scanned linearly from zero to a
formulation-dependent upper bound. Since the energy
landscapes of Eqs. (3), (5), and (7) are only influenced by
the ratio of A and B, we set A = 1 during simulation.

For the instances with up to N = 180 spins, the follow-
ing ranges are used:

• [0, 45/N − 0.1], for the original Ising formulation;
• [0, 180/N ], for the rescaled Ising formulation;
• [0, 39/N − 0.1], for the higher-order formulation.

For the instances with N = 2400 spins, custom ranges are
used:

• [0.01, 0.25], for the original Ising formulation;
• [0.13, 0.27], for the rescaled Ising formulation;
• [0, 0.07], for the higher-order formulation.

For each formulation and each problem size, Fig. 6
presents the median TTS value (across the corresponding
instances) as a function of B/A. In every panel, the median
TTS value reaches a minimum at a specific value of B/A,
which confirms that the selected ranges cover the relevant
region.

Note that the two leftmost panels in the top row (original
Ising formulation with 15 and 30 spins) display bars at B/A
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FIG. 6. Validation of mapping parameters B/A. Rows 1–3 respectively show the median time-to-solution (TTS) of the Ising (dark
blue), rescaled Ising (light blue), and higher-order (orange) formulations for COP instances of 15–90 spins (see panel titles). Rows
4–6 show instances with 120–2400 spins. Each bar corresponds to a specific value of B/A (y axis) and reports the median TTS across
all instances of equal size. The dashed line marks the resolution limit, tmax log(0.01)/ log(1−1/Nrepeat) = 104 log(0.01)/ log(0.99) =
4.6 · 106 [cf. Eq. (11)]. Across all formulations and problem sizes, the TTS reaches a minimum with the scanned B/A range, validating
the chosen ranges.
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(a) (b)

FIG. 7. Normalized energy landscapes for a single vertex, represented by a spin triplet, under the rescaled Ising formulation of
Eq. (7). Panel (b) highlights states with energy below –0.9. These figures look similar to Figs. 1(a) and 1(c), indicating that the
rescaled Ising formulation and the standard Ising formulation behave similarly for this small problem.

values beyond the nominal upper bound of 45/N − 0.1.
These extra B/A values are included solely to aid the visual
check in Fig. 6 and do not affect the results shown in Fig. 4.
Indeed, the optimal B/A values remain below 45/N − 0.1,
and the corresponding optimal TTS values are unchanged
if only the lowest seven B/A values are considered. Also
note that for the instances with 2400 spins, all configura-
tions of the original Ising formulation yield zero success
rate (i.e., TTS = ∞).

APPENDIX B: EXPLICIT EXPRESSIONS FOR
ISING INTERACTION STRENGTHS J (p)

i1...ip

In this section, we provide explicit expressions for the
Ising coefficients J (p)

i1...ip in Eq. (8) for each of the max-3-cut
formulations under consideration.

Whereas the formulations of Eqs. (3), (5), and (7)
employ spin variables that are indexed as σv,c where v ∈
V is a vertex and c ∈ {1, 2, 3} is a color index, here we
instead adopt the flattened single-index notation σi, where
i ∈ {1, . . . , 3|V|}. The mapping between both indexings is
given by

i = (c − 1)|V| + v, (B1)

such that each spin index i uniquely identifies a
vertex–color pair through

v(i) = ((i − 1) mod |V|) + 1, (B2)

c(i) =
⌊

i − 1
|V|

⌋
+ 1. (B3)

1. (Rescaled) Ising formulation

The linear and quadratic interaction coefficients for the
max-3-cut Ising formulations of Eqs. (3) and (7) take the
following forms (where ζ = 1 and ζ = 0.6, respectively):

J (1)
i = −ζ

(
A
2

+ B
4

deg (v(i))
)

, (B4)

J (2)
ij = −A

4
δv(i),v(j )

(
1 − δc(i),c(j )

)

− B
4

Cv(i),v(j ) δc(i),c(j ), (B5)

where deg(v) denotes the degree of vertex v and C is a
connectivity matrix in which Cuv = 1 if vertices u and v

are connected, and 0 otherwise. The code implementation
of this mapping is provided via Ref. [43].

(a) (b)

FIG. 8. Energy landscapes of the rescaled Ising formulation for (a) a single vertex, and (b) two connected vertices. We assume
homogeneous spin amplitudes. For (b), B/A = 1 is used. These figures look similar to Figs. 2(a) and 3(a), indicating that the rescaled
Ising formulation and the standard Ising formulation behave similarly for this small problem.
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(a) (b)

FIG. 9. Energy landscape for two connected vertices, assuming equal spin amplitudes. In contrast to Fig. 3, this figure uses a value
of B/A = 0.1 for both formulations.

2. Higher-order Ising formulation

The quadratic and quartic interaction coefficients for the
higher-order max-3-cut formulation of Eq. (5) take the
following forms:

J (2)
ij = −A δv(i),v(j )

(
1 − δc(i),c(j )

)
, (B6)

J (4)

ijkl = −B Cv(i),v(j ) δv(i),v(k) δv(j ),v(l)

· δc(i),c(j ) δc(k),c(l)
(
1 − δc(i),c(k)

)
. (B7)

The code implementation of this mapping is provided via
Ref. [43].

APPENDIX C: ANALOG ENERGY LANDSCAPES
FOR THE RESCALED ISING FORMULATION

The energy landscape visualizations for small graphs
in Sec. III include both the standard Ising formulation of
Eq. (3) and the higher-order Ising formulation of Eq. (5).
Here, we focus on the rescaled Ising formulation defined
in Eq. (7) and demonstrate that it yields energy land-
scapes similar to those of the standard Ising mapping
for these graphs. This observation is consistent with the
performance trends shown in Fig. 4(b), where the empirical

rescaling only begins to affect performance as the problem
size increases further.

Figure 7 shows the energy landscape of a single spin
triplet under the rescaled Ising formulation. The result
closely resembles Figs. 1(a) and 1(c), indicating minimal
qualitative differences between the two Ising variants at
this scale. Also for the rescaled Ising formulation, Fig. 8
shows the energy landscapes for a single vertex [Fig. 8(a)]
and two connected vertices [Fig. 8(b)] under the assump-
tion of homogeneous spin amplitudes. Comparison with
Figs. 2(a) and 3(a) shows that the energy landscapes of
both quadratic Ising variants are similar. The differences
between the standard Ising formulation and the rescaled
Ising variant can be understood as follows. First note that
the linear terms in Eq. (3) are all strictly positive. This
means that these terms make it more energetically favor-
able for the spins to be in a down state. Going from Eqs.
(3) to (7), the empirical rescaling weakens these linear
terms by a factor of 0.6. Hence, down states are some-
what destabilized, and we observe in Fig. 8(a) that the ↓↓↓
configuration (red curve) is destabilized with respect to its
position in Fig. 2(a). Similarly, in Fig. 8(b) we see that
the curve with two ↓↓↓ configurations is destabilized with
respect to Fig. 3(a).

(a) (b)

FIG. 10. Energy landscape for two connected vertices, assuming equal spin amplitudes. In contrast to Fig. 3, this figure uses a value
of B/A = 10 for both formulations.
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FIG. 11. Success rates obtained by the quadratic Ising formulations [Eqs. (3) and (7)], relative to the higher-order formulation
[Eq. (5)]. Instance identifiers are given on the x axis (see Ref. [43] for problem definitions). All relative success rates are negative,
indicating that the higher-order formulation achieves success rates that are at least as high as those of the other two formulations.

APPENDIX D: ENERGY LANDSCAPE FOR TWO
CONNECTED NODES WHILE VARYING B/A

Figure 3 in the main text shows the energy landscape
under the Ising formulation of Eq. (3) and the higher-
order Ising formulation of Eq. (5) while assuming equal
spin amplitudes. Moreover, this figure employs a value of
B/A = 1. Here we demonstrate how this figure changes
when we vary B/A. Figures 9 and 10 visualize the land-
scape for B/A = 0.1 and B/A = 10, respectively.

For the Ising formulation [Figs. 9(a) and 10(a)], we
observe that under the new values of B/A, the same
ground states remain present: for small spin amplitudes,

the ground state is ↓↓↓ for both triplets, while for larger
amplitudes, the max-3-cut solution (green line) is the
ground state. However, the value of the spin amplitude
where the ground state switches depends on B/A: larger
values of B/A shift the switching point to the right, leading
to a larger region of incorrect ground state.

For the higher-order Ising formulation [Fig. 9(b) and
Fig. 10(b)], the ground state corresponds to the max-3-cut
solution, independent of the value of the spin amplitude.
We now prove that this holds for any value of B/A > 0
under the assumption of homogeneous amplitudes. By sub-
stituting all possible spin configurations (±s, ±s, ±s), for
all s ∈ [0, 1], in Eq. (5), we end up with the following

FIG. 12. Time-to-solution for the three max-3-cut formulations [Eqs. (3), (5), and (7)] as a function of problem size. Each box-
plot visualizes the distribution of instances of equal size (indicated on the x axis). The dashed line marks the resolution limit,
tmax log(0.01)/ log(1−1/Nrepeat) = 104 log(0.01)/ log(0.99) = 4.6 · 106 (cf. Eq. (11)). The higher-order formulation achieves the
fastest solutions overall, followed by the rescaled Ising formulation and then the original Ising formulation.
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energies:

H =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

−4As2 − 2Bs4, if color 1 �= color 2,
−4As2 + 6Bs4, if color 1 = color 2,

4As2 − 2Bs4, if one color is undefined,
12As2 + 6Bs4, if both colors are undefined.

(D1)

It is easy to see that the first case in Eq. (D1), correspond-
ing to the max-3-cut solution where the two vertices have
different colors, yields the lowest energy for all s ∈ [0, 1]
and all B/A > 0.

APPENDIX E: SUCCESS RATE IMPROVEMENTS
OF THE HIGHER-ORDER FORMULATION

Whereas Fig. 5 in the main text shows the absolute suc-
cess rates obtained by the max-3-cut formulations, Fig. 11
visualizes the success rates of the quadratic Ising for-
mulations [Eqs. (3) and (7)], relative to the higher-order
formulation [Eq. (5)]. We observe that the higher-order for-
mulation achieves equal or better success rates for every
instance tested.

APPENDIX F: TIME-TO-SOLUTION AS A
FUNCTION OF PROBLEM SIZE

Figure 4 in the main text compared the obtained TTS
values of the three formulations on a pairwise basis. By
contrast, Fig. 12 visualizes the three formulations simulta-
neously as a function of the problem size. The higher-order
formulation consistently achieves the shortest TTS across
the full range of instance sizes, demonstrating its advan-
tage in solution efficiency. The rescaled Ising formulation
generally performs better than the original Ising reduction.
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