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Context. Ising machines (IM) often require both quadratic spin interactions and external 
fields to encode combinatorial optimization problems (COP). We model IMs with analog 
(continuous) spins using the following equation: 

 
ௗ௫೔

ௗ௧
= −𝑥௜ + tanh(𝛼𝑥௜ + 𝛽ൣ∑ 𝐽௜௝𝑥௝ + ℎ௜௝ ൧). (1) 

where 𝑥௜ is the ith spin amplitude, α is the linear gain, and β is the interaction strength. 𝐽௜௝ and 
ℎ௜ denote the strengths of the spin couplings and external fields, respectively.  

From Eq. 1, it is clear that when spin amplitudes are small, external fields dominate over 
spin interactions. Fig. 1(a) illustrates this for a 3-spin COP. As β increases, the spins initially 
follow the external fields (dotted lines). As spins grow, spin interactions strengthen, causing 
spin 2 to flip and leading to the ground state configuration (-1,1,-1). Until now, researchers 
assumed that for larger problems, IMs would struggle to overcome this initial field-driven 
behavior. Hence, they replaced ℎ௜ by ℎ௜𝐹(𝑡) in Eq. 1, where 𝐹(𝑡) is a time-dependent factor 
[1,2]. Often, 𝐹(𝑡) = 𝑎𝑣𝑔(|𝑥௜|) or 𝐹(𝑡) = 𝑥௔௨௫ (an auxiliary spin). For the 3-spin COP, Fig 
1(b) shows that the external fields no longer dominate when 𝐹(𝑡) = 𝑎𝑣𝑔(|𝑥௜|). 

Our work. The impact of these rescaling techniques on the IM’s performance has never 
been studied. Using numerical methods, we apply the techniques to three different problem 
classes: Sherrington–Kirkpatrick (SK) Hamiltonians with random external fields, binary 
quadratic programming (Beasley set), and Max-3-Cut (g05 set). We tackle problems with up 
to 500 spins. We evaluate the IM’s performance in terms of success rate and time-to-solution. 

Findings. For each class, we find the optimal rescaling technique. E.g. Fig. 1(c) shows 
that 9 COPs become solvable when using 𝐹(𝑡) = 𝑎𝑣𝑔(|𝑥௜|) instead of 𝐹(𝑡) = 1 (while most 
of the other COPs are solved faster with 𝐹(𝑡) = 1). Surprisingly, for SK problems, it turns 
out that 𝐹(𝑡) = 𝑎𝑣𝑔(|𝑥௜|) reduces performance w.r.t. 𝐹(𝑡) = 1 (not shown). Moreover, for 
Max-3-Cut instances, we find the optimal factor is time-independent: 𝐹(𝑡) = 𝐶 ≠ 1. We will 
provide insights into when external fields are necessary and how to handle them effectively. 
 

 

Figure 1: Spin amplitudes (w.r.t. β) solving an arbitrary COP with (a) F(t) = 1 and (b) F(t) = avg(|xi|). 
(c) Comparison of time-to-solution between F(t) = 1 and F(t) = avg(|xi|) for Beasley problems. 
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