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An Accurate Rate-Equation Description for
DFB Lasers and Some Interesting Solutions

Geert Morthier,Member, IEEE

Abstract—Starting from the coupled-wave equations, we have equation model in which spatial hole burning is included
derived an alternative set of rate equations which are valid for through one additional carrier rate equation. In his model,
most single-section distributed feedback (DFB) lasers. These ratea number of additional parameters are also introduced and
equations are in many respects more useful than the conventional . P . . .
rate equations and have also been used to derive the influenceth€ir value must be calculated at each bias level using a static,
of spatial hole burning on characteristics such as the chirp, longitudinal model. This model gives good agreement with
the linewidth, or the harmonic distortion. Numerical results are  |ongitudinal models but does not include information about
presented for a I?FB laser with both facets cleaved, AR-coated, chirp or noise. Recently, Schatz [7] reported a lumped small-
and for a \/4-shifted DFB laser. . . : T . .

o o signal model that includes longitudinal spatial hole burning.
; Index ge{”:,S—D'St”bUted feedback lasers, harmonic distor- Thjs model is also based on an additional carrier rate equation.
on, modulation. It makes use of linearization around a steady-state solution
that is obtained from a self-consistent longitudinal simulation.
I. INTRODUCTION Both models reported in [6] and [7] are put forward as

T PRESENT, several longitudinal models for the analysf? @most arbitrary generalization of the conventional rate
Aof distributed feedback (DFB) laser diodes have be&guations in V\{h_lch_an effective stlmule}ted_er_mssmn rate is
reported in the literature [1]-[3]. Such models allow a detailégF€d- The modification of the photon lifetime is in both models
analysis of effects such as spatial hole burning and d%@lcu.lated from a statp longitudinal model and is thergforeg
therefore thought to be indispensable in the description Bf1e-independent function of the average photon density. This
DFB lasers. They are, however, all based on the numerié@plies that the time dependence of spatial hole burning is not
solution of the static and/or time-dependent, coupled-mod@mPpletely taken into account.
or other field equations and are therefore for some purposedn this paper, we propose an alternative rate-equation model
less attractive than the conventional rate-equation model [#]atis derived from the longitudinal equations (in particular the
Indeed, the simplicity of the rate equations makes it possitfieupled-mode equations and the longitudinal carrier density
to combine them with thermal or electronic models or tgquations). This derivation leads to a natural averaging with
implement them in a circuit or system simulator and includé)e longitudinal confinement factor as a weighting factor. The
for example, driver electronics or parasitic elements in tHial result is a rate equation for the photon density that is
analysis [5]. An even bigger advantage of a rate-equati@ﬁact if the axial profile of the photon density is assumed to be
model is that fairly simple analytical expressions for almost diime-independent and that is approximate otherwise. This rate
laser characteristics can be derived from it. Such expressi&@ggiation resembles [8, Eq. (21)], which has been derived in a
have been and still are very valuable in the design of lagétally different manner and which was not further developed
diodes, in the interpretation of measurements, and in tifg0 a real rate-equation model. The carrier density is just as in
estimation of parameters such as gain and recombinat{hsplit up in a uniform part and a part that has the axial profile
parameters. of the photon density. Our approach has the advantage that the

However, conventional rate-equation descriptions are r@xtra variables, introduced to include spatial hole burning, only
entirely valid or suitable in the analysis of DFB lasersshow a weak dependence on the bias level and only need to be
Conclusions about the design of DFB lasers drawn from suchlculated once (e.g., at threshold). Assuming these variables
a description are even doubtful. For that reason and becausewistant results in a somewhat less accurate model, but has
all the advantages of rate-equation models, there is a needtf@ great advantage that the resulting model is simple and
an alternative, or rather improved, rate-equation descriptiargn be fitted to experimental results. In addition, the use of
one which gives an accurate account of the behavior of DEBe longitudinal confinement factor ensures consistency with
and Fabry—Perot (FP) lasers. Work in that direction alreaégtablished approaches such as the use of an effective linewidth
started a few years ago. Kinoshita [6] has reported a ratmhancement factor [9].

The paper is organized as follows. First, we derive the

Manuscript received March 15, 1996; revised July 8, 1996. This work wi€W rate equations from the coupled-wave equations and the

supported by the European ACTS Project AC065 (BLISS). __longitudinal carrier rate equations. This derivation is done for
The author is with the Department of Information Technology, Unlver5|t¥h N . | behavi d also takes th ise int

of Gent—IMEC, Sint-Pietersnieuwstraat 41, B-9000 Gent, Belgium. € general, argg-3|gna e a\”o_r ana aiso taxes the n0|s? INto
Publisher Item Identifier S 0018-9197(97)00954-8. account. In Section Ill, some simple yet accurate solutions

0018-9197/97$10.0Q1 1997 IEEE



232 IEEE JOURNAL OF QUANTUM ELECTRONICS, VOL. 33, NO. 2, FEBRUARY 1997

of the new general rate equations are obtained. Analyticehnsformed into

expressions are presented for the linewidth, the chirp, and L P VI
the second-order harmonic distortion caused by spatial hole/1 + f/ (AR, (2)dz = Ui% + F.(t) (6)
0 g

burning. They are evaluated and compared with longitudinal

solutions in Section IV. To conclude, we summarize th@ith the longitudinal confinement factdr.(z) and F. given
main advantages and properties of our new generalized rpgje

equations.
| R Ry
F.(2) = — i
Il. THEORY Jo Ry Ry dz
. L -

A description of DFB lasers that is more accurate than the F.(t) = —J fo (Ro 4 R(—Ji—F )dz )
usual rate equations is given by the dynamic coupled-wave ¢ 2y/hvwdu, fOL RY Ry dz '
equations, and we will therefore derive a rate equation for the ] ] )
photon density from these equations [1]: The Langevin functionF. has the following second-order

N N moment:
OR 1 0R . . -
% + ga—t +jA/3R+:(Iig +jri)R™ + F+(Z,t) <Fc(t)Fc*(t/)>
- — Lpt2 —2 2
_a;z + ia% +JABR™ = (K} + jri)RT + F~(z,1). = —QRSP st—t) I HR2| + |8 [ ]d
z g ) 4v;Sav Vact | [y RY Ry dz
R* are the amplitudes of forward and backward propagating = QRSI;KZ(W —t) (8)
fields, x; is the index coupling, and:, the gain coupling. VUgSav Vact

F* and '~ are uncorrelated La.mgevin functions with th§ynere ¢ is the longitudinal Petermann factor [10,, the
following second-order moments: average photon density, arid,.; the volume of the active

(FH(, ) F (2 ) = (F~ (2, ) F (', 1)) layer. In (6), we can expané{Ag3) as follows:
Rsp / / (5(4) . 1 =+ JO{ 89
= —_— z — 2 —_ 2 = — ] oy 2
hy o 8z =26t —-1t) (2 5(AS) P +37 5 nyaNéN(A
in which Ry, is the spontaneous emission rate dnd the - j—F,;ygog(SS(z) - j—nygﬁéN(z)(SS(z) 9
photon energy. We now expand the field amplitudes and the 2 2 ON
complex Bragg deviation in (1) as with « the linewidth enhancement factadg /0N the differ-
n n n ential gain and’,, the confinement factor of the active layer,
R¥(z,t) = Ry (z) + 6R™ (1) and¢ the gain suppression coefficient. We have approximated
APz, t) = APo(z) + 6(AB(z,1)). (3) the variation of the real part a3 as a linear function ofw

, . " , . . anddéN. An extension to a nonlinear function would not imply
The field amplitudesiy- are the field amplitudes obtainedgyira complexity, however. Steady-state gain suppression has
under static operation anii/j, (z) is the Bragg deviation under 454 peen ignored in (9). Substitution of an expressiors fér
static operation. Substitution of the expansions (3) in (1) giveg$,qss in (9) and substitution of (9) in (6) results in a set of

a set of time-dependent coupled-wave equations which candig,t rate equations, one fgrand one foréw.

combined with the static coupled-wave equations (&) to To determines N, we can make use of the approximation
yield the following “large-signal” equation for the variation of ;saq in [6] and decompos¥ and N in a uniform part and

the Bragg deviation: a part with the axial variation ofSo(z) — Sa.) as
L
/0 S(AB)[ Ry R~ + Ry R*]dz N = No(t) + N () F(2) with F(z) = % (10)
_ J 9 /L (RS'(SR— +R56R+)dz Substﬁtution of this expansion in (6) and (9) gives the rate
vg Ot \ Jo equation (11), shown at the bottom of the next page, ffor
L with G’ = I'v,dg /AN, 74 the differential carrier lifetime, and
—j/ (Ry F* + R{ F™7)dz. 4) Ly
0 X :/ < O(Z)>FZ(Z)dZ
We normalize the fields such that the photon denSity) = 0 Sav
|R*|? + |R~|2. We also assume that the modulation does ngf'd . )
change the field profiles, i.e., that " :/0 <5;S)> I.(2)dz. (12)

6S(2) = So(2) f(t), 6RE*=RE{V/1+ft)-1} (5)
() o)/ 0 { ) } Both quantitiesy and will be complex and fairly indepen-

with f a real, z-independent function of time andy(z) dent of the bias level. We will further only use the real parts
the static optical power profile. Equation (4) can then bg and+’ and the imaginary partg” and”.
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6Ny and 6 N1 must be determined from the substitution of ]
(10) in the carrier rate equation: -1.05 7

IN J N 2 _1_25_:
Y _Q(N)S(2)+ F, — ]
gt ~qd  rvy T EWIS@+E - pr

1mW output power

] m
_ 1453 8
XxRe{R" F* + R~ F~ —(R" F* + R~ F)}. % ] S
13 5 %7 Coonte 8
S g5 2.0x10 a
An expression for the second-order momentgfis given in £ <
[1] but will not be used further on. From (13), one can derive '~ .2.05 1] - o 5.
the following equations forVy and Ny: . : [20x10% &
ANy J Ny , R [
— = — — ——— —G(Ng)Say — MG N1 5S4y + Fiy ] -
& = gd ~ T(No) (No) 1G N1Oay + I'vo 245t S 1.9x10°
AN, Ny 0 100 200 300 400
! !
dt = _T_d — G NiSay — G(NO)SaV — MG NiSay + Fivi. Axial coordinate [um]

(14) Fig. 1. Longitudinal profile of power and carrier density at 1-mW output
. o . . power for an AR-coated DFB laser withl = 3.
For the sake of simplicity, we have ignored the gain sup-

pression and the spatial variation of the spontaneous carqj]rese equations are large-sianal equations and are valid as
recombination. More general equations are given in [6]. Tr? q ge-sig q

Cangean uncions appearng n (19 ave b groupa 92 oPal pover ol resebles hat ot preshol
Fn in these equation Fno and Fyp are given b . . .
N quationsly, Az, Fivo Nt aw y accurately as (10). This is the case in most lasers without lon-

N — 1 /L F2(2)d \, = fOL F3dz gitudinal instabilities and without strongly asymmetric power
YL Jo 245 A= IE P24z profile. A carrier density expansion which is more accurate
L 2 over a broader bias level range would be possible in terms of
Fro = l/ Fndz, Fy, = Jo FNFdZ' (15) bias dependent base functions, e.g., two orthogonal functions
L Jjo fOL F2dz derived from the functiong; and £, with
Equations (11) and (14) form our new set of rate equationsF _ 1 _ So(2)
i i Trhi(z) = and FQ(Z) = .
Equation (11) can of course be decomposed into an equation 1+ G'14S0() 1+ G'14S0(=)
for the frequency variation
(18)

!

bw = G [X"6N1 + a(6Ng + N1 (x' = 1))]

2 The expansion (10) has the great advantage that it is indepen-
G 1 " " dent of the bias level and that it finally leads to a rate-equation
— 5. [x" 6N —x")ON o -2
2 XToNo + (W7 = xT)oNS system with bias-independent coefficients. The accuracy of the
EG(No)Savf 1 ” i expansion is illustrated for a DFB laser with, = 3 and two
- ” X" = G'1aSav (9" — 2x")] L . L
201+ G'74Sav) AR-coated facets in Figs. 1 and 2, which show the longitudinal

+ v Re{F.(t)} (16) profiles of power and carrier density at output power levels
of 1 and 5 mW. Good agreement between power and carrier

and an equation for the variation of the average photon densﬁ\é.\'nsity profiles, both being relatively independent of the bias

19 In(1 + f) level, is seen.
20t ) The parameterg’, x”, A1, and X, are displayed in Figs. 3,
_ g[6N0 YN = 1) — ax6N1] 4, and 5 as a function of the normalized _coupl_ing coeffi_cient
2 ) r; L for a perfectly AR-coated DFB laser with uniform grating,
_EG Sarf i ' _ s — EGW0)Savf an AR-coated\/4-shifted DFB laser, and a laser with cleaved
5 [X"6No + (3" — x")0N1] 9 .
) ) ) ) facets, respectively. It can be remarked théat= 0 for lasers
y {1 L X - 1= G'rySav(y' = 2x" + 1)} emitting at the Bragg wavelength, e.g./4-shifted lasersy’
1+ G745 and x’ are the parameters needed in the calculation of the
— vgIm{F.}. (17) effective linewidth enhancement factoy, is the variance of
7 1 7 7
VITF |20+ T8I0 NG 4 6, (x = 1) = L6 S xNo + (9 = )]
j x—1 G'74Say(p — 2x + 1) A(WVITT)
— “¢G(N, - = I, 11
26G(No)Sa f <1 T Gt 1+ G'74Say A
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Fig. 2. Longitudinal profile of power and carrier density at 5-mW outpufig. 4. X, A1, and\2 as a function ofcL for a A/4-shifted laser with both
power for an AR-coated DFB laser withl = 3. facets AR-coatedy” = 0).
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' cleaved.
the longitudinal power distribution, and, is the ratio of
skewness and variance of that distribution. of a DFB laser:
RspKz 2
ll. SIMPLE SVALL -SIGNAL Av =~ (1+ak). (19)
47rSaVVact

SOLUTIONS OF THE RATE EQUATIONS

Equations (14), (16), and (17) can now be transformed {§e assum&?'7,S., < 1 and consider only slow fluctuations

several ways, e.g., to derive modulation responses, harmofiig., /9t = 0). Linearization of (16) and (17) then results in
distortion or noise spectra. Very accurate analytical formulas

for these characteristics could be derived from linearization G, )
of (14), (16), and (17). Here, we will however simplify the &w = ?[X ON1 + adNo + abN1 (X' — )] + vyRe{F}

equations further and derive simpler analytical expressions. ' ) ,
This illustrates the usefulness and application range of ouTQ§ = ?[51\70 + N1 (x" =1 —ax”)]
system of rate equations without requiring extensive numerical EG(No)Sav f

simulations. The derived analytical expressions furthermore vglm{F.}. (20)
also shed a light on the influence of spatial hole burning on

the chirp and the harmonic distortion.

2

Linearization of the carrier density (14), in which we neglect
the Langevin functions and the gain suppression, leads to the
A. The Linewidth following solution for § Vg and 6 Vy:

We will show here that, for small bias levels, our rate
equations lead to the following expression for the linewidth 8No = N1 = —G(No)SavTaf (22)



MORTHIER: AN ACCURATE RATE EQUATION DESCRIPTION FOR DFB LASERS 235

Substitution of these expressions in (20), taking into accoutynamic chirp the material’s:-factor, not the effectiven-

that G’y > £, and elimination off gives factor, must be used. This result is in contradiction with
, " previously published analytical formulas [11]. However, we
Sw = v,Re{F.} + O‘IX—JFXN%Im{F} believe that, under the assumption of fixed longitudinal field
X = profiles, our derivation is exact. In fact, also, an expression
= vgRe{F} + cequylm{Fe}. (22)  derived from an exact solution of (24) confirms this.

The second-order moment 6& and hence the linewidth can It 1S readily seen that the chirp caused b_y spatial hqle
: . burning has a cut-off frequency equal to the inverse carrier

be readily derived from (22). The second-order moments ff#(;time It also strongly depends on the threshold gain and

Re{F.} andIm{F.} follow from (8) and are equal to one " n ’ gly dep 9

half of the second-order moment &f.. X

he Chi C. The Harmonic Distortion Caused by Spatial
B. The Chirp Hole Burning at Low Bias Levels

To derive a formula for the chirp, we again linearize (16) We again assume thé¥ S, 7, is much smaller than one. We

and (17,) and ignore the -Langevin fun.ctions. We concentratg, ignore gain suppression and time dependencies. Equation
on the influence of spatial hole burning and hence neg| ) then reduces to

the gain suppression again. After Fourier transformation, the
small-signal approximations of (16) and (17) then reduce to 6No + 6N1(x' — 1 —ax”) =0. (26)

!

a . . . .
S — ?[XH(SNl + a6 No + adN1(x' = 1)] To take into account the nonlinearity of the carrier lifetime

7(N), we express the carrier recombinatidf /7(No) as

!
jQi = g[6N0 +O6N1(x' =1 —ax)]. (23) No
2 2
7(No)
and The solution of (26) and of the static carrier rate equations up
to second order gives the following result:

= ANy + BN2 + CNE. 27)

After Fourier transformation, the solutions férVy(€2)
6N () are found as

<jQ + i + GlSaV) 6N0 g = 625av
Td f 6Sav
6J 14 G/TdSaV(l + X — )\1) G'Sovtaf
= — — G(Np)Say =2 %
qd (No) f{ 14+ G 7gSa (14 A2) 2(x’ — ax)
— MG Sa 6Ny X{+ (= 1—ax)1+ X=X +ax”)}
JQU+ = + G S (14 X2) J6N - 2fx = 1—ax")?
(494 2 4 @5+ ) Jom GO~ 1= x)? (@)
G(No)Sav f — ' Say6N,. (24) with 6f/f the distortion in the average photon density. The

14+ G'1gSav(1+ Ag) distortion in the total output poweP,,; (from both facets)

Substitution of these expressions in the first equation of (2830 be derived from that number by rewriting the equation
gives an expression for the FM modulation, while substitutid@" Vo, taking into account thafG(No) + M G'N1]Say =

in the last equation of (23) gives an expression for the intensint VoSav + Sout- The second-order part of that equation
modulation. If we also neglect the dependencédt on 6N, 62Ny B+ 3CN,
and eliminatey N, from the two equations of (23), we find the
following expression for the chirp:

4 2 (6N0)2+aintngaV6f+6250ut =0 (29)

leads to the following expression for the second-order distor-

S — | Y iq G G(No)Say tion in Poy:
27 2 14+G'"(1+ A2)7ySav 82 Pout, G Savtaf
X' (1+a?) ; (25) 6Pout  Atena(x’ — ax”)

X {=Araine + X' — 1 — ax”]
! o

in which f can be considered as the optical modulation depth. (24[_2?51}(\1721)—1-)\2 A+ =l = Al
Neglecting the dependence @V, on 6NV, is equivalent with — L G(No)SayTi f(X —ax” =1)* (30)
assuming that the variation of the average stimulated emission 2(x'—ax”)
rate is mainly caused by the variation of the photon densitith «;,; the internal loss anda.,q the total facet loss. We
and not by the variation of the carrier density. This is alwaysmphasize once more that this expression is only valid at low
the case above threshold. bias levels. It can be assumed though that this value gives

The first term in this expression is the dynamic chirp anah indication of the spatial hole burning induced distortion at
the second term the chirp caused by spatial hole burnifidgher power levels also. The last term in the expression is
Equation (25) already implies that for the calculation of thebviously caused by the change in carrier lifetime as a result

JQ + % + G/(]- + )\Q)Sav
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of the change in average gain due to spatial hole burning. 1000
It always has a phase and is zero only if there is no ]
variation of the average carrier density or, mathematically, if

X' —1—ax” = 0. The first term in the expression can have analytical

both a phase zero and a phasedepending on the signs of 1 expression Yo
(x' —1—ax”) and X, and on the relative magnitude of internal

FM [MHz]

and facet loss. However, it also has a strong dependence on 100
the differential gain and on the differential carrier lifetime. ] CLADISS
For a Fabry—Perot laseg, = 1 and (30) reduces to
62P0ut G/Sadef
=- ALint - 31
6P0ut 4aend L Yint ( )
This is exactly the formula which has been derived in [12]. 10 4+
0.01 0.1 1 10 100

Bi tput w
IV. VALIDITY OF THE RATE EQUATIONS las output power [mW]

AND THE ANALYTICAL SOLUTIONS Fig. 6. Low-frequency FM response of an AR-coated (nonphase-shifted)
. . . DFB laser withx L = 2, calculated using (32) and using the longitudinal
We have compared numerical results obtained using thedel CLADISS as a function of the bias output power and for a modulation

analytical expressions (25) and (30) with results obtained usi?‘@th of 20%. Gain suppression has been neglected in the calculations.
the longitudinal laser model CLADISS [1]. This gives an

indication of both the accuracy of the rate-equation model 1000+ aatytcal
and the accuracy of the simple analytical expressions. The last 1 «xL=3 expression
are perhaps of more use in the design of laser diodes as they ] m=02 R

readily show dependencies on all laser and drive parameters
and can be easily evaluated.
We first concentrate on the chirp caused by spatial hole

CLADISS

FM [MHz]

burning. At low frequencies, (25) reduces to 100 4
G'G(No)Savtaf ]
Aw = — = (1 H. 32
Y T T (S X e (2
The contribution from spatial hole burning is proportional with 1
x”, but also increases with the square caf with threshold
gain, differential carrier lifetime, and differential gain. For 100 o T "'“611 T 1. T 10

constant optical modulation deptih = 6FP/F,, the chirp
first increases with bias power, then reaches a maximum
G(1 + 042))(”771/8(1 + A2) at Suy = 1/[(1 + X2)G'7y4] and Fig. 7. Low-frequency FM response of an AR-coated (nonphase-shifted)

. . - DFB laser withx. = 3, calculated using (32) and using the longitudinal
then. decrea;es as/sav' Ther.e '.S obviously .nf) spatial hOIemodel CLADISS as a function of the bias output power and for a modulation
burning contribution to the chirp in lasers emitting at the Braggepth of 20%. Gain suppression has been neglected in the calculations.
wavelength since” = 0 for such lasers.

The accuracy of (32) has been investigated more in th&'I‘.ADISS and the analytical expression. B and C have been

for an AR-coated DFB laser withl, = 2 andxL = 3. To . . :
: ; . assumed zero in the calculations. Fig. 8 shows the result as
this end, the results obtained with (32) have been compare ; .

unction of thexL value. Again, a rather good agreement

with results obtained with CLADISS. The chirp as a functior‘ril . .
. . . .~ "between the analytical and the numerical model has been
of bias output power forn = 0.2 obtained with the analytical obtained
and the numerical model is shown in Fig. 6 faf = 2 and in '
Fig. 7 for kL. = 3. As can be seen, a very good agreement is
obtained up to bias powers #¢fl mW. Above that power level,
there is a larger deviation, although the analytical expressionWe have presented an alternative set of rate equations for the
(32) still predicts the bias dependence. Fig. 7 shows a bettiscription of single-section laser diodes. Our rate equations
agreement between the analytical formula and the longituditrelve been derived from the coupled-wave equations and are
calculations than Fig. 6. This indicates that the approximatiotieerefore more useful than the conventional rate equations, in
used in deriving the formula also remain valid for higli. particular in the prediction of spatial hole burning effects. In
values. the derivation, we assumed: 1) that the longitudinal profile of
The accuracy of (30) for the spatial hole burning inducetthe photon density is independent of the bias level and 2) that
second-order harmonic distortion has been investigated the nonuniform part of the electron density is proportional with
AR-coated)/4-shifted lasers with differentL values. Since the nonuniform part of the photon density. Our rate equations
(30) is valid only at low bias levels, we have calculated thare therefore less valid at very high bias levels and for lasers
second-order distortion at a bias power of 0.1 mW using botith an unstable power profile.

Bias output power [mW]

V. CONCLUSION
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